The possibility of applying the method of reducing upon finite-dimensional invariant subspaces, generated by the eigenvalues of the associated spectral problem, to some two-dimensional generalization of the relativistic Toda lattice with the triple matrix Lax type linearization is investigated. The Hamiltonian property and Lax-Liouville integrability of the vector fields, given by this system, on the invariant subspace related with the Bargmann type reduction are found out.
INTRODUCTION
By use of the different Lie-algebraic approaches the Lax integrable (2 + 1)-dimensional nonlinear differential-difference systems given on functional manifolds of one discrete and one continuous independent variables have been obtained in [4] , [10] , [16] , [26] , [27] . The systems represented in the papers [10] , [16] , [26] , [27] possess the triple Lax type linearizations and infinite sequences of local conservation laws. The (2 + 1)-dimensional nonlinear dynamical systems with such type properties on functional manifolds of two continuous independent variables have been investigated by means of the invariant reduction technique in the paper [14] . In this connection it is interesting to know whether the invariant reduction technique can be applied to the Lax integrable (2 + 1)-dimensional differential-difference systems obtained in [10] , [16] , [26] , [27] . The reductions of the (1 + 1)-dimensional nonlinear differentialdifference systems with the matrix Lax representations upon the finite-dimensional invariant subspaces generated by the critical points of the related local conservation laws and the associated spectral problem eigenvalues, have been considered in [13] .
The aim of the present paper is to investigate the applicability of the invariant reduction technique to the (2 + 1)-dimensional differential-difference systems with the triple matrix Lax type linearizations, which can be obtained by means of two so called eigenfunction symmetries related with the same eigenvalue of the corresponding spectral problem (see [10] ). This research is based on the approach to the study of the finite-dimensional invariant reductions for the (1 + 1)-dimensional nonlinear dynamical systems, possessing the matrix Lax type representations [6] , [11] , [23] , and their superanalogs with the same properties, which has been devised in the papers [2] , [8] , [9] , [11] , [22] , [21] . In the framework of such approach the exact УДК 517.9 2010 Mathematics Subject Classification: 37J05, 37K10, 37K35, 37K60, 70H06.
c Hentosh O.Ye., 2015 symplectic structure on the invariant subspace can be found by means of the Gelfand-Dikii type relationship [5] , [19] for the differential of the related Lagrangian function on a suitably extended phase space. The discrete analog of the Gelfand-Dikii relationship has been considered in [18] , [19] , [20] .
In the present article the approach mentioned above is used to study the Bargmann type reduction [14] of the Lax integrable two-dimensional generalization of the relativistic Toda lattice [25] , which has been constructed in [10] .
The paper is organized in the following way. Section 1 contains the triple matrix Lax type linearization for this (2 + 1)-dimensional differential-difference system that will be used in further investigations. In section 2 we establish the existence of an exact symplectic structure on the Bargmann type invariant subspace by means of the discrete analog of the Gelfand-Dikii relationship as well as the Hamiltonian representations for the reduced commuting vector fields given by the system. In section 3, basing on the differential-geometric properties of the trace gradient for the monodromy matrix of the associated periodic matrix linear spectral problem, we obtain the corresponding Lax representations for the reduced vector fields. The complete set of the functionally independent conservation laws which are involutive with respect to the corresponding Poisson bracket and as a consequence ensure the Liouville integrability [1] , [17] of the reduced vector fields is also found.
THE TRIPLE MATRIX LAX TYPE LINEARIZATION FOR THE TWO-DIMENSIONAL GENERALIZATION OF THE RELATIVISTIC TODA LATTICE
In the paper [10] we have constructed the set of the hierarchies of the eigenfunction symmetries
which are additional homogeneous symmetries of the Lax type hierarchy on the extended dual space to the Lie algebra [3] of Laurent series by the usual shift operator E
where
is the Kronecker symbol, j, m = 1, R, and the lower index "+" denotes a projection of the corresponding operator on the Lie subalgebra of power series, t m , τ s,m ∈ R, s ∈ N. Here any operatorĀ * is assumed to be adjoint to the super-integro-differential one A with respect to the scalar product
where y, z ∈ ℓ 2 (Z; C), n ∈ Z. In the paper the line over any variable denotes the complex conjugation of this variable.
In the case of R = 1 and s = 2 the evolutions of the functions describe the relativistic Toda lattice.
The vector fields (2) have been considered as the Hamiltonian flows generated by the Casimir functionals
where the symbol "res" denotes the coefficient at E 0 in the expansion of the corresponding operator, and Poisson structure found in [10] . In that paper the hierarchies (3) have been established to be Hamiltonian with respect to the natural powers of some different eigenvalues of the associated spectral problem and Poisson structure mentioned above. It has been shown also that for each j = 1, N the first eigenfunction symmetry and any other which belong both to the hierarchy related with the same eigenvalue can be applied to construct (2+1)-dimensional differential-difference systems with the triple matrix Lax linearizations. These systems have been obtained by introducing some new functions which denote the expressions with inverse operator to the difference one into the equations of the eigenfunction symmetries.
In the present paper we consider two additional homogeneous symmetries for the Lax type hierarchy (2) such that
where u,ũ are some q-periodical complex-valued functions. The dynamical system (8) and relationships (9) describe the Lax integrable (2+1)-dimensional differential-difference system [10] , which can be considered as some two-dimensional generalization of the relativistic Toda lattice.
Its triple Lax type linearization [10] is formed by the spectral relationship
where y ∈ ℓ 2 (Z; C), λ ∈ C is a spectral parameter, and evolution equations
The corresponding adjoint spectral relationship and adjoint evolutions take following forms:
The spectral relationships (10) and (13) have the equivalent matrix forms
The corresponding evolutions are written as
, and
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The matrices B (τ) and B (T) satisfy the compatibility conditions
The system (8)- (9) possesses the infinite sequence of the local conservation laws (3).
THE SYMPLECTIC STRUCTURE ON SOME INVARIANT SUBSPACE
We will study below the differential-geometric properties of the commuting vector fields d/dτ and d/dT on their common invariant finite-dimensional subspace M 4 N ⊂ M 4 such as
are different eigenvalues of the periodic spectral problem (16) with the corresponding eigenvectors Y i = (y 1i , y 2i , y 3i ) ⊤ ∈ W and adjoint eigenvectors
, and c i ∈ C \ {0}, i = 1, N, are some fixed constants, which will be chosen later. Here the eigenvalues λ i ∈ C, i = 1, N, are considered as smooth by Frechet functionals on M 4 .
We will first analyze the differential-geometric structure of the invariant subspace M 4 N ⊂ M 4 . To describe this subspace explicitly we will find the gradients of the eigenvalues
Because of the relations
that follow from the spectral problem (16), we can derive the explicit form of the gradient of the eigenvalue λ i for any i = 1, N only on the level surface
, which is invariant with respect to the vector fields d/dτ and d/dT. Thus, for any i = 1, N the gradient of the eigenvalue λ i on this level surface is written as
Let us choose a i = −c i , i = 1, N, and investigate the vector fields d/dτ and d/dT on the invariant finite-dimensional subspace M 4 N H c ⊂ M 4 given by the following Bargmann type constraints
N} is a common level surface of the invariant functionals µ i , i = 1, N, in the extended phase spaceM 4 := M 4 × W 2N of the coupled dynamical systems (8) , (9), (18) and (19) with the parameter λ ∈ {λ 1 , λ 2 , . . . , λ N }, and
This invariant subspace can be described by means of the equivalent relationships
From (23) it follows that the functions f 1 , f 2 , E −1 f * 1 , E −1 f * 2 are expressed via the coordinates of the eigenvectors Y i and
obtained with taking into account the equations (8), (9), spectral problems (16), (17) (17) and evolution equations (23) , when λ ∈ {λ 1 , λ 2 , . . . , λ N } we have
Therefore, we are in a position to formulate the following theorem. 
where "∧" is a symbol of the exterior product on the Grassmann algebra of differential forms on C 6N . The reduced vector fields d/dτ and d/dT, given by the equations (18) and (19) when λ ∈ {λ 1 , λ 2 , . . . , λ N }, are Hamiltonian with respect to the Poisson bracket {., .} ω
where the brackets , denote the standard scalar product on C 6N+4 , and involutive with respect to the Poisson bracket {., .} ω (2) . The relationships (23) describe all periodic and quasiperiodic solutions of the system (8), (9) Proof. The exact symplectic structure on the invariant subspace M 4 N ⊂ M 4 can be found by means of the discrete analog [18] , [19] , [20] of the Gelfand-Dikii relationship on the functional manifold M 4 in the same manner as has been done in the paper [19] for the subspaces of critical points of local conservation laws.
To make use this relationship we need the explicit forms of the smooth by Frechet functionals λ i , i = 1, N, on H c . From the equalities (22) we have to apply the discrete analog of the Gelfand-Dikii relationship to the Lagrangian functional
where ς i ∈ C are Lagrangian multipliers, µ i = − ∑ q−1 n=0 y 3i (n)z 3i (n), i = 1, N. Because of the Lax theorem [11] , [12] the condition gradL N [f, Y,Z] = 0 determines the invariant subspaceM 4 N ⊂M 4 ,
of the coupled dynamical systems (8), (9), (18) and (19) with the parameter λ ∈ {ς 1 , . . . , ς N }. Thus, for every N ∈ N the invariant subspace M 4 N H c ⊂ M 4 is diffeomorphic to the subspaceM 4 N ⊂M 4 when ς i = λ i , i = 1, N. By means of the discrete analog of the Gelfand-Dikii differential relationship [18] , [19] , [20] forL N ∈ D(M 4 ) such as
where (Y,Z ) ⊤ are coordinates on the suitably truncated manifoldM 4 N and the brackets , denote the standard scalar product on C 6N+4 , we can find the exact two-form (25)
The reduced two-form ω (2) :=ω (2) M4 N defines the symplectic structure on the invariant sub-
N , which is smoothly embedded intoM 4 N due to the relationships (23) .
The formula (28) ensures the invariance of the reduced two-form ω (2) with respect to the
Taking into account that the subspace M 4 N H c ⊂ M 4 is diffeomorphic to the finite-dimensional submanifold M F ⊂ R 6N determined by the constraints
in the space R 6N , we can obtain the symplectic structure on M 4 N H c as a natural Dirac type reduction of the two-formω (2) on M F .
The two-formω (2) generates the standard Poisson bracket {., .}ω (2) on R 6N . As the matrix of constraints {F κ 1 , F κ 2 }ω (2) , κ 1 , κ 2 = 1, 2, is nondegenerate when Q := ∑ N i=1 (y 1i z 1i − y 2i z 2i ) = 0, the standard Dirac type reduction procedure [7, 11] entails the Poisson bracket related with the symplectic structure ω (2) F := ω (2) such that
where F, G ∈ C ∞ (R 6N ; R) are arbitrary smooth functions. Since
with taking into account the results obtained in the papers [18] , [19] we can state the existence of the smooth by Frechet functionsĥ (τ) ,ĥ (T) ∈ D(M 4 ), which satisfy the relations (26) and (27) correspondingly. Then for the functions h (τ) :=ĥ (τ)
where i d/dτ and i d/dT are inner differentiations with respect to the vector fields 
where the functions f 1 , f 2 , E −1 f * 1 , E −1 f * 2 have the forms (23) . By means of the direct calculations it is easily to verify that 
Since
the reduced vector fields d/dt 1 , d/dτ and d/dT are integrable in the case of N = 1 due to the Liouville theorem [1] , [17] .
THE LAX-LIOUVILLE INTEGRABILITY OF REDUCED VECTOR FIELDS
To state the Liouville integrability of the Hamiltonian vector fields d/dτ and d/dT on M 4 N H c ⊂ M 4 for all N ∈ N we need to construct the related matrix Lax representations, which depend on the spectral parameter λ ∈ C, making use the reduction procedure for the monodromy matrix of the periodic spectral problem (16) . Thus, the following theorem holds. 
where B (τ)
are projections of the corresponding matrices on M F h C anď
Proof. Making use the spectral problem (16), we can express the gradient ϕ(n;λ) := grad tr S of the trace of the corresponding monodromy matrix
via the entries of the matrix V = SA −1 by such a way
, when |λ| → ∞,V is a matrix with the entries, being complex conjugate to the corresponding ones of the matrix
are matrices with the enteries, being complex conjugate to the corresponding ones of
respectively. From the equation for the matrix V
we can obtain the Magri type relationships [15] ϑ ϕ(n;λ) =λ η ϕ(n;λ) − η ϕ 0 ,
where ϑ, η : 
Here ∆ = (E − 1), Π = ∆ −1 (E + 1). Taking into account the equality
we find for every i = 1, N that 
From the relationships (33) and (34) we obtain directly the explicit forms of the entries
N H c such as
The remaining entries of the reduced matrix V N := V| M 4 N H c can be derived from the equation (32), considered on the level surfaces h C , C ∈ C, of the invariant function 1 − ρ. On these surfaces the functions f * 1 , f * 2 satisfy the following equalities
Thus, the reduced matrix V N on M 4 N H c h C , C ∈ C, is written as
The explicit form ( 
where the matrixŠ N has the form (31) when |λ| > max i=1,N |λ i | and
The relations (29) and (30) are derived from the monodromy matrix equation [6] (E S)A = AS and compatibility conditions (20)- (21).
Due to the equations (29) and (30) the functionals 1 α trŠ α N , α ∈ N, are invariant with respect to the vector fields d/dτ and d/dT. Then the coefficients in the expansions of these functionals by poles appear to be conservation laws of the reduced upon M F h C , C ∈ C, vector fields given by the system (8), (9) . The coefficients σ i ,σ i ,σ i ∈ C ∞ (R 6N 
are functionally independent on M F h C , C ∈ C. Being involutive with respect to the Poisson bracket {., .} ω (2) , the coefficients σ i ,σ i ,σ i ∈ C ∞ (R 6N ; R), i = 1, N, ensure the Liouville integrability of the vector fields d/dτ and d/dT on the finite-dimensional subspaces M F h C , C ∈ C (see [1] , [17] ). The surfaces h C , C ∈ C, mentioned in Theorem 2, are determined by the conditions 1 λ i 2 y 2i 2 z 1i 2 = 0.
CONCLUSION
In the present paper by use of the method [2] , [8] , [9] , [11] , [22] , [21] of reducing upon the special finite-dimensional invariant subspaces we have investigated the Bargmann type reduction of the Lax integrable two-dimensional generalization of the relativistic Toda lattice [10] . We have shown that the symplectic structure on the corresponding finite-dimensional invariant subspace can be found by means of the discrete analog of the Gelfand-Dikii relationship for the related Lagrangian function on a suitably extended phase space. This invariant subspace has been established to be diffeomorphic to the symplectic manifold smoothly embedded into space R 6N , N ∈ N, with the canonical symplectic structure. The Lax-Liouville integrability of the reduced vector fields given by the system has been proven.
If R = 2, for every s ∈ N, s ≥ 2, the evolutions of the vector-function ( f 1 , f 2 , f * 1 , f * 2 ) ⊤ ∈ M 4 , which are generated by the vector fields ] + , determine (2 + 1)-dimensional nonlinear dynamical system with the triple Lax type linearization. The symplectic finite-dimensional manifold described in the paper is a common invariant subspace of the vector fields d/dT s := d/dt s + d/dτ s,1 , s ∈ N, on which they are Hamiltonian and integrable by Liouville. Thus, it is interesting to investigate the possibility of applying the integration procedure, developed for the Liouville integrable finite-dimensional systems in [24] , to the vector fields reduced upon this invariant subspace. The integration procedure [24] is based on the specially constructed Picard-Fuchs type differential-functional equations which generate the Hamiltonian-Jacobi transformations.
